The aerodynamic drag of the earth's surface and the value of von Karman's constant in the lower atmosphere The drag which the earth's surface exerts on the wind has been measured directly by ob serving the deflexion of a horizontal plate, floating in oil and under torsional control, and forming part of the earth's surface. Simultaneous measurements of the velocity profile above the surface have enabled von Karman's constant for the lower atmosphere to be deduced. The value obtained under moder ately unstable atmospheric stratification is 0*46, which is considered to be in good agreement with Nikuradse's value of 0#40, obtained from the flow of water through pipes under iso thermal conditions. Evidence is also adduced for a considerable variation of von Karman's constant with atmospheric stability.
The observations of drag and velocity profile have also been used to determine the variation of mixing length with height. In unstable conditions the mixing length increases more rapidly than the height, while in stable conditions the increase is likely to be less rapid than the height.
I n t r o d u c t i o n
In any theory of turbulent fluid motion the relation of the drag exerted by the bounding surface to the mechanics of the motion is fundamental. In pipe-flow and in the wind-tunnel drag measurements are fairly straightforward, and the data now available have been widely used to check theoretical treatm ent (see, for example, Nikuradse 1932 Nikuradse , 1933 Prandtl 1935; Sutton 1934) .
The drag which the earth's surface exerts on the wind has not yet, however, been directly measured,* though it is of importance, in itself, as a source of dissipation of the energy of the wind, and as providing a measure against which to check theoretical treatm ent for a scale of flow much greater than is encountered in hydraulics and aeronautics. The present investigation was therefore undertaken to make good the previous absence of data on the drag of the earth's surface and to provide for the first time a measure of von Karm an's constant for the lower atmosphere, since this constant occupies a central position in modem theories of turbulence.
The lower atmosphere is of special interest in problems of turbulent flow, not merely on account of scale but because of the marked vertical stability or instability which is frequently present. The effects of stability on mixing-length theories of turbulence will therefore be considered in the light of the present observations and of those of earlier workers.
R e l a t io n s b e t w e e n d r a g , m i x in g l e n g t h a n d v o n K a r m a n 's c o n s t a n t
The mixing-length theory of turbulence has been developed along lines of some what intuitive reasoning, and no attem pt will be made here to justify the processes or assumptions.
The horizontal shear stress r due to turbulence in horizontal two-dimensional flow is given by the Reynolds equation
where p is the fluid density, u', w' are the eddy velocities in the downwind and vertical directions respectively, and the bar denotes a time-mean value of the product. The concept of a mixing length l which is the mean length traversed by turbulent elements before mixing completely with their surroundings is now introduced. Prandtl sets u' = V du/dz, where u is the mean horizontal velocity at height z and V the mixing path for the particular turbulent element, and he further takes w' oc u'. Then by eliding the latter constant of proportionality with V (thus adding to the lack of exact physical definition of l) (1) becomes
In the steady state r is necessarily independent of height (when du/dt -0, dr/dz -0 also, from Fick's equation), but in fact it may always be taken as constant in the first few metres of the atmosphere (Calder 1939 ).
Von TCa.ymfl.n (1930) , making the assumption of an identical pattern of turbulent flow, apart from scale, throughout the field relates l with the field of mean velocity by
where k is von K arm an's constant. This relation introduced in (2) gives
where r 0 replaces r, implying the shear a t the surface, 2 = 0. Thus, measurements of the surface drag and of the velocity profile will deter mine k.
The last equation will be applied in its integrated form for a fluid flowing over a hydrodynamically rough surface (completely developed turbulence),* viz.
where z0 is a constant of integration and = 0 a t = height zv (4) gives
but, since z0 for the surface over which observations have here been taken was of order 10-3 to 10-4 cm. as deduced from observations of wind a t two or more levels, whereas the wind velocity was measured a t heights from about 20 to 200 cm., the formula for k may, with sufficient accuracy, be written
This is the relation which has been used in the present investigation for the determination of k. The same formula is valid if the underlying surface is aerodynamically smooth and the velocity profile given by instead of (4), where v = kinematic viscosity of fluid (see Prandtl 1935, p. 133) . Nikuradse (1932) first determined von K arm an's constant from measurements of the resistance to the flow of water through a cylindrical pipe in which the velocity distribution was simultaneously measured. He obtained a value k = 0*40, in dependent of Reynolds's number, and one may expect it to be a universal constant having the same value for all fluids and all forms of isothermal flow. I t was, in fact, for isothermal flow th a t the mixing-length theory was formulated and the effect of buoyancy was therefore excluded. There is, however, nothing in the concept of mixing length which precludes an extension to more general conditions, though considerations will later be advanced (see p. 217) regarding the likely variation of under conditions of thermal gradient, i.e. stable or unstable stratification.
I t is noted from (4) th a t the drag in fully developed turbulent flow is proportional to u2, independent of Reynolds's number. If a drag coefficient cD is introduced for the earth's surface analogous to th a t used in aerodynamics, then To = \ cdPu\> where now cD is necessarily related to the reference level at which the velocity ux is measured. Then, using this equation with (4) it is found th at cD is otherwise a function only of k and of the roughness of the boundary, i.e. of z0, according to the relation " W I t may be readily inferred from (2) and (4) above th a t
a relation th at will be tested by the observations to be presented and compared with Nikuradse's results.
Aerodynamic drag of the earth's surface 211 A p p a r a t u s a n d m e t h o d s o f o b s e r v a t io n
Measurement of drag. I t is not possible to measure the drag of the earth's surface from measurements of the horizontal-pressure field without making very doubtful assumptions, and one is therefore forced to more direct but more troublesome methods. The ideal apparatus for such a direct method would consist of an area of the natural ground surface freed from its surroundings in such a way th at the tan gential force upon it could be measured without movement or distortion of the area or of its surroundings and without disturbing the structure of the wind. An approach to this ideal has been made by floating a flat plate in liquid contained in a very shallow bath with a wide, faired surround (figure 1, plate 1) set down on an extensive surface of smoothness approximating to that of the floating plate. The latter was under the control of a vertical torsion suspension carried in a frame fixed to the bath and connected by an arm dipping below the liquid surface to the perimeter of the plate. The apparatus was orientated so that the arm was approximately at right angles to the wind direction, and the deflexion of the plate by the wind was observed by means of a distant telescope and scale and a mirror carried on the torsion suspen sion. Figure 2 , plate 2, shows the complete apparatus as used in the field, though not on grass as in this figure. The zero position of the drag-plate was observed bycovering the bath with a draught-proof screen in which a slot allowed the mirror to be visible. A clamp, not shown in figure 1, was used to hold the plate and to relieve the suspension of strain during the transport and setting up of the apparatus in the field.
Details of the method of suspension and of drag-plate construction are shown in figure 3 . The face of the plate, 22-5 cm. diameter, was of aluminium with a smoothly turned rim to which cellophane was attached to form the under-side. The bath was 45*4 cm. diameter, and the distance from the plate centre to the suspension 20-7 cm. The plywood surround was 107 cm. diameter and the total depth of the apparatus only 3-5 cm., so th at the air flow was practically undistorted. Controls were provided on the suspension head and frame for (i) elevation of the arm of the drag-plate, (ii) tension in the suspension wire, (iii) zero. The suspension was of 36 s.w.g. phosphorbronze wire which was found to be entirely suitable, free from hysteresis and creep, and preferable to other materials such as quartz.
Various liquids were tried for use in the bath, the choice ultimately falling on ' instrument oil ' which had the appropriate viscosity (about 1 poise at 15°C) to provide critical damping and a low surface tension ensuring a free motion and stable zero for the plate. The bath was filled to the brim with oil to avoid discontinuities in the air flow a t this point, and the transition a t the edge of the plate was also smooth. A strong wind set the oil into rippling motion and made the drag-plate unsteady, so th at observations were confined to winds of less than about 6 m./sec. (15 miles/hr.).
The torsion constant c of the apparatus was measured by placing small weights up to 0-45 g. in a paper pan connected to the drag-plate by fine cotton passing over a light pulley. The resulting calibration curves relating the angular deflexion 6 with the applied moment were linear, with negligible scatter of points and with good agreement between Q increasing and 6 decreasing. The mean value of c for three calibrations was 216 dyne-cm. per degree with 1 % spread.
The value of r 0 required for equation (6) is then connected with the deflexion of the drag-plate in the field by the relation r0A iysin a = cO, where A is the area of the plate, L the distance from the suspension to the centre of the plate, and a is the angle between the wind direction and the line of symmetry of the plate and suspension. Velocity profile. The mean wind velocity was determined over periods of 10 min. duration a t heights of approximately 20, 50, 100 and 200 cm. above the surface on which the drag-plate was mounted by means of Sheppard (1940) portable three-cup anemometers. The mounting of three of these instruments is to be seen a t the right of figure 2, plate 2.
Field technique. I t was essential th a t the drag-plate should be used on an area of ground whose surface was closely similar to th a t of the plate itself. This was available in the form of a horizontal circular area of concrete 160 m. in diameter located on a ridge on Salisbury Plain. The surface of the concrete was smooth in general appear ance with small-scale roughness of the order of 1 mm. in dimensions. A t some points of its circumference the concrete was level with, and a t others slightly below, the contour of the downland immediately surrounding the area, while a t a little greater distance from the perimeter the land fell away rather steeply in most directions. These features made it necessary to provide the maximum possible distance between the upwind edge of the concrete and the site of the drag-plate and wind-profile equipment. The distance was in fact well over 100 m., which was sufficient to ensure a boundary layer to a height of 2 m. (the maximum height of the anemometers) characteristic of the plane concrete surface except in the more stable atmospheric stratifications. The lack of complete adjustm ent of the wind a t the downwind end of the concrete in stable conditions made it, in fact, impossible to obtain reliable observations under these conditions, though some indication of the changes of drag, etc., accompanying increasing stability was obtained.
I t had been hoped to modify the drag-plate so th a t the apparatus could be used j on downland turf, thus avoiding the above difficulties of exposure. B ut the in vestigation had to be discontinued before these changes could be made, and the results are accordingly more limited in range than is desirable in a meteorological investigation.
The anemometers, drag-plate and associated equipment having been set up on the concrete along a line normal to the wind direction to avoid mutual interference, observations were taken over 10 min. periods. Since the natural wind is turbulent the deflexion of the drag-plate changed continuously, and it was accordingly observed every 6 sec. through each period and a mean value deduced from the hundred obser vations. Using bars to denote mean values, t0 was calculated from the following equation, a modification of (9),
in which a was determined by taking a record of the variations in wind direction a t the site throughout any period of observation by means of a light vane (not shown in figure 2 , plate 2), a compass bearing being later taken on the centre of the trace and on the line of symmetry of the plate a t a given value of 6. I t was found th a t the probable error of the arithmetic mean of 6, as defined for a normal error distribution, was just over 1 %. In fact, the distribution of 6 was slightly skew so th at the probable error of the mean can have no strict significance, but the divergence from the normal error law was slight, and 1 % can still be taken as a rough guide of the error involved in the measurement of 6 and of a which differs from 6b y a constant quantity. But equation (10) is not exact except when a = 90° and sin a symmetrical, there fore, about the niean. In fact, it was generally possible to orient the drag-plate initially so th a t a should not differ greatly from 90°, and in the three runs reported below this was the case.. The smallest instantaneous value of a was 53°, for which sin a (= 0*80) is inside the range of comparatively slow variation. The error in k (which is proportional to *Jt0) arising from the approximation of (10) and from the method of measuring D is considered to be not more than 2 or 3 %.
The continuous record of wind direction referred to above served a subsidiary purpose; it enabled any change in mean wind direction to be noticed. When such a change occurred during a run the results were discarded for equation (10) was not then valid.
R e s u l t s a n d g e n e r a l d is c u s s i o n
Completely satisfactory observations were obtained on three runs carried out under conditions of slight instability in winds of about 4 m./sec. For each run k has been evaluated from equation (6) over three height intervals corresponding^ to the four levels of observation of wind speed, and the results are presented in table 1 This table also characteristics of grass land and concrete and of the distance apart of the two sites these values can only be taken as a rough measure of the thermal instability of the air over the concrete. The drag coefficient cD is observed to be approximately constant. Such variation as is found may be partly real and due to the effect of varying stability or to a non square law of drag for a surface which may not have been aerodynamically rough (in this case cD oc wf0-2 approximately), but some of the variation must be attributed to experimental error.
The individual and mean values obtained for are in encouraging agreement with Nikuradse's (1932) value of 0*40 for pipe flow when it is borne in mind th a t the moderate instability shown in table 1 might be expected to lead to somewhat higher values than in the isothermal flow of the laboratory. (Instability must produce greater mixing lengths than isothermal conditions, and equation (8) then implies an augmented value of k.) The measure of agreement found is not, of course, surprising in view of the anticipated generality of von K arm an's constant, but the result is reassuring bearing in mind the difference in fluids and the tremendous difference in scale of the two motions.
The immediate significance of the result is th a t the drag of any natural surface over which the air is in near-neutral equilibrium and in which turbulence is fully developed may be deduced immediately by observing the velocity profile and inserting k = 0-40 in equation (7).' I t is thus assumed th a t the small difference between Nikuradse's and the value of k given here is due to the moderate instability of the air in the present investigation and perhaps in p art to experimental error.
The drag coefficient given in table 1 above is not, of course, representative of the values pertaining to most naturally occurring surfaces, except perhaps a fairly smooth sea, since an unusually smooth surface was used. Having, however, established the validity of equation (7) with k = 0*4 for the atmosphere, table 2 gives values of cD for various values of the velocity ratio u2mJulm ) and corresponding values of z0 which are liable to be found over natural surfaces of varying roughness. In mea suring the velocity profile and hence zQ for surfaces whose roughness elements are an appreciable fraction of the height a t which the velocity is measured, a zero-point displacement equal to a major fraction of the height of the roughness elements should be made in applying equation (4) (see Paeschke 1938) .
I t remains to point out th a t a surface may be aerodynamically rough for moderate and high wind velocities, so allowing the application of equation (7), but it may become aerodynamically smooth a t low wind velocities (see footnote, p. 210) and another law then applies. B ut the only natural surfaces likely to be concerned are smooth ice and water. In the latter case the wind itself determines the geometrical roughness to a large degree and still further complicates the problem (see Rossby & Montgomery 1936 ).
E f f e c t o f a t m o s p h e r ic s t a b i l i t y o n k
I t has already been mentioned th a t it had been hoped to investigate quantitatively the variation of k with atmospheric stability, but th at on acoount of the limited extent of the concrete surface the wind profiles a t the experimental site were unrepre sentative of the boundary layer over the surface under stable stratification. Never theless, some indication of the behaviour of k under such conditions was obtained.
Equation (6) may be written
If then the quantity is observed to decrease as the vertical temperature ratio u/ux decreases with increasing stability (Best 1935 , and others), so th a t the second factor on the right of this equation decreases also. % gradient changes from lapse to inversion, k must decrease still more rapidly, and a 1 ower limit to th e variation in ki s determinable from the behaviou A number of runs were made under such conditions and in all cases was ux observed to decrease whichever anemometer height zx was taken as standard, though the irregularities of the profile prohibited a worthwhile computation of k itself. During these observations the temperature gradient between 23 and 135 cm. was measured over the concrete itself, and the results of one series of observations during which the temperature difference (Tx3Sl-T 2Z) increased steadily by 0-5° C over a 3 hr. period in the evening may be quoted; The percentage decrease in Vfro Ip ) for zx = 200, 100, 60,40, 25 and 20 cm. (the number of levels of anemometer observation had been increased in these later runs) was 18, 21, 14, 15, 28 and 22 % respectively, i.e. mean decrease of 20 %.
Thus there is evidence for a material decrease in as atmospheric stability increases. Such a statement only has meaning, however, if the concepts giving rise to k, e.g. equation (8), are valid in all thermal stratifications, and in particular the logarithmic velocity profile must be generally valid. This is not, in fact, precisely true, but departures from the logarithmic law are only considerable for appreciable departures from neutral equilibrium (see p. 221), and one waits for a physically satisfying theory which will include these conditions.
There is a second, again somewhat approximate, method of investigating the variation of k with stability. Sutton's theory of turbulence, making use of the mixing-length concept and of von K arm an's constant, leads to a power law of wind structure in the lower layers of the atmosphere
This relation is less accurate than the logarithmic law for neutral equilibrium and low values of z, but it is probably a better representation in inversions for all z and is a good approximation in all stabilities for z greater than about 1 m. Introducing the derivatives of the velocity given by this power law into equation (3) Now Best has simultaneously measured wind profiles to 2 m. and the vertical gusti ness by means of a modified Taylor bi-directional vane, in a complete range of measured temperature gradients. The observations with the bi-directional vane give in fact a quantity proportional to | w' \ /u, but the factor of proportionality, the ratio of | w' |t o the effective maximum of | , is rather uncertain. If, however, k = 0-4 is set for neutral equilibrium (zero-gradient of temperature over the height range covered by Best determines this condition with quite sufficient accuracy) this enables equation (11) to be used to determine the factor of proportionality and hence to determine k in other temperature gradients. Best's data have been analyzed along these lines, taking p from the winds a t 2 and 1 m., and the r in figure 4 . This curve confirms the inference made above as to the considerable variation of k with temperature gradient. (The analysis gave the factor of pro portionality referred to above as 0*28, a very reasonable value.)
The results of this section indicate th a t the drag of the earth may be obtained for any thermal stratification provided th a t a value of k appropriate to the strati fication is used in equation (7), and provided th at the velocity profile enables a sound value of z0 to be obtained. Since cD varies as 2 the effect of stratification as shown in figure 4 is considerable. That is not to say, however, th a t for a fixed height of reference, varies considerably with the stratification; the variation of cD is, indeed, surprisingly small as shown by table 3, which has been built up on Best's simul taneous measurements of the temperature gradient and velocity profile over a sports field (grass length about 1 cm.) and from figure 4. (Best's profiles show good agreefment with the logarithmic law in each of the temperature gradients listed in table 3.) But had k = 0 *4 been assumed throughout, the corresponding values of wou have been 2*3, 7*4 and 10*3 x 10"3 for lapse, zero gradient and inversion respectively, i.e. a fivefold increase instead of the approximate constancy shown in table 3. For a given surface pressure gradient the wind a t 2 m. falls off very considerably in passing from lapse to inversion in the lower atmosphere, so th a t the drag itself would in general show an appreciable decrease with the above increase in stability. 
M i x i n g l e n g t h a n d it s v a r ia t io n w it h h e ig h t
The mixing length is given by equation (2) with the assumption of shearing stress independent of height as <J (TqIp) dujdz l l may therefore be deduced as a function of height from the results given in table 1 without assuming the form of the velocity profile to be logarithmic. If, in fact, the logarithmic law were accurate points on the l, z diagram would lie on a straight line given by (8) The observations of *Jt0 and of the velocity distribution given in table 1 have been meaned from the three runs there reported, and, using a tangent measure on the mean profile, values of l have been deduced a t the levels shown by the points of figure 5. I t is observed th a t the points fit the line l = 0-452 up to a height of about 1 m., with as little scatter as can be expected from a technique involving the use of tangents. Above th a t level l increases more rapidly than the height, implying some departure from the logarithmic law for wind speed a t those levels. Further, the value 0-45 of the slope of the linear portion is in good agreement with the value of k deduced from (6).
Power laws have been much used in aerodynamic investigations (often as approxi mation formulae), and a log2, log? plot of all points in figure 4 shows th a t the l, variation is quite well represented over the whole range by l = 0-25z115.
There is now good evidence (Firesah & Sheppard, not yet published) th a t the logarithmic velocity profile of equation (4) is in excellent accord with observation in the atmosphere over many kinds of surfaces, provided the atmosphere is in neutral or near-neutral equilibrium (potential temperature constant or varying only very slowly with height), but th a t in appreciable lapses of temperature the u, log curve is convex to the w-axis (an example is found in the present observations) and in inversions of temperature it is concave to the w-axis. I t follows then from equa tion (12) that in lapse conditions the mixing length increases more rapidly than the height, while in inversions the increase is less rapid than the height.
I t is not possible, a t present, to provide a physical explanation of the power-law variation of mixing length with height; such a law is, indeed, likely to be inexact, suitable only for interpolation purposes and restricted as to height. But it presents a challenge in respect of the variation of the wind profile with stability which it is hoped to follow up in another paper. Meanwhile, one important consequence of the variation of profile with stability which has been referred to above may be noted. The eddy viscosity K , which is of profound importance in exchange processes in the lower atmosphere, is given by r = Kpdu/dz, which, with dr/dz = 0 gives K oc (dujdz)~x, and the observed variation in the wind profile as between lapse and inversion of temperature implies th a t K increases more rapidly than the height in the former condition and less rapidly than the height in the latter. Only in neutral equilibrium is K oc z. The results of this section imply that the h concept must be used with care in the lower atmosphere, and th at inaccuracies may accrue in computations involving either major instability or stability even when is adjusted, e.g. from figure 4, for the particular stratification.
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